Two New Applications of the Modified Extended Tanh-Function M ethod
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Based on a modified extended tanh-function method and symbolic computation, new exact so-
lutions are found for a soliton breaking equation and coupled kdv system. The obtained solutions
include rational, soliton, singular and periodical solutions.

Key words:

1. Introduction

Recently, we have introduced the modified extended
tanh function (METF) method [1] to obtain multiple
travelling wave solutions for nonlinear partial differen-
tial equations (PDES). In this paper, using the METF
method, we investigate the existance of other exact so-
lutions for two nonlinear physical models. The first one
is the soliton breaking equation

forwhich Fan et al. [2] found a kink-type and a singular
solitary wave solutions. The second one is the coupled

KdV system of equations

— OtUyyx + 6Wy — 6orUU,
— OlViox — 30UV, 2

u-t =
i =

for which Wang et al. [3] obtained bell-type solitary
wave solutions for u and v. Later, Fan et al. [2] found
a bell-type solitary wave solution for u and a kink-type
solitary wave solution for v.

Now, let us recall the main steps of the METF
method. Consider a given PDE in two variables,

H (u, Uy, Ut, Uy, .. .) = 0. (3)

We first consider its travelling solutions u(x,t) = u({),
¢ = x— At. Then (3) becomes an ordinary differential

Nonlinear Evolution Equation; Traveling Wave Solution; Symbolic Computation.

equation. The next crucial step is that the solution we
are looking for is expressed in the form

u(¢) = ﬁa@w‘ +§bim—‘, 4)
i=0 i=0
and
o =k+ w?, (5)

where k is a parameter to be determined, ® = w({),
o = f,—‘g The parameter m can be found by balancing
the highest-order linear term with the nonlinear terms
[4-10]. Substituting (4) and (5) into the relevant ordi-
nary differential equation will yield a system of alge-
braic equations with respect to a;, by, k, and A (where
i =0,...,m) because all the coefficients of ®' have to
vanish. With the aid of Mathematica, one can deter-
mine &, bj, k, and A. The Riccati Equation (5) has the
general solutions

—+/—ktanh+/—k¢, withk <0, ©)
=
—+v/—kcoth/—k&, withk <0,

w:—%,withkzo, 0
and
vktanvkg,  withk >0, .
| —vkeotvkg, withk > 0.
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2. The Soliton Breaking Equation

Introducing the transformation u(xy,t) = u(&),
where { = x+ ay — At into (1) leads to the ordinary
differential equation

ou” + (6au + A)u”" = 0. 9)
Balancing the highest-order linear terms and nonlinear

terms leads to

1 1 _
u(g)=>Y a0+ bo (10)
i—0 i—0

Substituting (10) into (9) and making use of (5), with
the help of Mathematica we get a system of algebraic
equations for ag, ay, bg, by, o, k, and A:

kay (8kor + A + 6karag — 6aby) =0,

a; (20ko + A + 12kaa; — 6aeby) = 0,

oa(2+a) =0,

kb (8ker + A + 6karag — 6aby) =0,

k?by (20ka: + A + 6korag — 12aby) = 0,
and

ksab1(—2k—|— b;) =0.

From this, we find

k=0, a =-2, blzl/Ga, (11)
A =4ka, a; = —2, by =0, (12)
A =4ko, a1 =0, by = 2k, (13)
and
A = 16ka, a; = —2, by = 2k. (14)
According to (11), the solution to (1) reads
A 2
u(xvyvt) - (aO + bO) - @C + E (15)
with § =x+ ay— At,
where A, o, ag, and by are arbitrary constants.
Due to (12), for k < 0 the solution to (1) reads
u(x,y,t) = (ap + bo) + 2+/—ktanh[/—k¢], (16)

where § = x+ oy — 4kat,

while for k > 0 it is

u(x,y,t) = (ap +bp) — 2vktan[v/k¢],

A7)
where § = x+ ay—4kat,

where o, ag, and by are arbitrary constants.
From (13) it is clear that for the case k < 0 we get

u(x,y,t) = (ap + bp) + 2v/—kcoth[/—k¢],

(18)
where § = x+ ay— 4kat,
while fork > 0iitis
u(x,y;t) = (a +bg) + 2vkeot[vk{], 19)
where § = x+ ay—4kat.
Finally, (14) leads for k < 0 to
u(x,y,t) = (ap + bo) + 2v—k{coth[v/—k&]  (20)
+tanh[v—k{]},

where § = x+ oy — 16kat,

and
u(x,y;t) = (a +bo) + 2vk{cot[vk¢] — tan[vk]},

where § = x+ oy — 16kat, (21)

for k> 0, where «a, ag, and by are arbitrary constants.

Solution (15) is a rational type solitary wave so-
lution, while solution (16) is a kink-type one. Since
ay, by, k, and o are left arbitrary, we could make the
transformation (ap-+bo) — a, o — -4z, and k — —k2.
Then the solution (16) equals exactly that in [2] (The
kink-type soliton solution of (1) given in [2] con-
tains some minor errors. The correct form is u(x,t) =
a+2ko tanh[ko (x+Y/4k3 +1)]). Solutions (17— 21) are
triangle-type periodical solutions.

3. The Coupled KdV Equations

Introducing the transformation u(x,t) = u(&), where
{ = x— At, into (2) leads to the coupled system of or-
dinary differential equations

ou” — 6w + (6au— A)u' =0,

22
av’ + (Bau—A)V =0. @)
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Balancing the highest-order linear terms and nonlinear
terms leads to

2 .2 )
u¢é) =3 an'+ ¥ bo™,
i=0 i=0 (23)

22 .
v(§) :_;Osw'f;oriw*'.

Substituting (23) into (22) and making use of (5),
with the help of Mathematica we get a system of alge-
braic equations, for ag, a1, ap, by, b1, b2, %, 51, %, ro,
ry, ro, k,and A:

k[30cas + ap(8ka — A + 6orag + 6arhy)

— 3L — 6ros, — 65052 =0,
a1 [8Ka — A + 60x(ag + 3kay + bo)]
—6[—aazby + 115 +s1(ro + S0+ 3ksy)] =0,
30@? 4 ay[20ka — A + 6ax(ag + bo)]
—6%(rg + S0+ ksp) + 6kaa — 382 =0,
oa;(1+3ay) — 3515 =0,
03 (2+a7) — % =0,
30b? + by [8ka — A + 6ax(ag + bp)]
—3(rf +2ra(ro+ %)) =0,
—by [k(8ka — A + 6cx(ag+ bo)) + 18aby]
+ 6kras; — karagby +r1(3r2 + k(ro + %))
3kocb? 4 kby[20ker — A + 6ax(ag 4 bo)]
+60b% — 3[kr? 4 2r(ry + k(ro+0))] = 0,
K[orby (K2 4 3b,) — 3rarp] =0,
K[r3 — aby (2k? 4 by)] =0,
b1[A — 200 — 6ax(ag — kag + b))
+ agk[2kar — A + 6cx(ag + by)]
—6s1[—r2 +k(ro + )]
—6aayby —6kris, +6r1(rg+s) =0,

0,

3a[—ayry — 2apry + s (kag + b))

+2%[30tby + k(8kor — A + 3a(ap + bp))] = 0,
s1[8kat — A + 3o (ap + by)]

—3aay(ry —ksy) +6asy(kag +by) =0,
3aays) +2%[20ka — A + 3a(ag + kag + bg)] =0,

a2ap +s1(2+a)] =0,
as(4+a) =0,
6kohysy — 3karagry — 3orby (rp — ksy)
—2ry[8kor — A + 3o (ag + kag + bp)] = 0,
3kohysy — 6ary(kag + by)
—r1[30hy + k(8ko — A +30(ag + by))] =0,
3kabiry + 2r[3ab;
+k(20ka — A 4 3a(ag+by))] =0,
kot[2byra +r1(by 4 2K%)] = 0,
koery (bp 4 4k%) = 0,

and
Gkablsg —boayr;

+11[—2ko + A — 3ar(ag + kag + by)]
+s1[3aby + k(2kor — A + 30(ag + bo))] = 0.

Solving the above system, with the aid of Mathematica
we get eight different cases:

A= (X(8k—|— 3ao+3b0),a1 =0,ay=-4,b; =0,

o
bp=0,r,=0,r=0, So=¢\/§(ao+bo)—fo,

s =0, = +2v2a, where o # 0,
A= OC(8|(—|— 3a0+3b0)7 =0 a=-4b =0,
by = —4k?, r1 =0, 1, = F2v2ak?,

o
SO:i\/E(aoero)—rm s =0, % =7F2V2a,

(24)

where k# 0 and a # 0, (25)
A= a(8k+3a0+3b0), a;=0,a=0,b; =0,
by = —4K%, 11 =0, 1 = F2v2ak?,
o

S():i\/;(ao+b0)—r0731:0a92:07
where k # 0 and o # 0, (26)

. . 3 . Z(Xbo—% .
k—O,l——Egl,ao——T7al—o7
a-2:_27 b]_:O, b2:0u r1:07 r2:03
S =—rg, =0, wheres; Z0and o £0, 27
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2 2

)L——lGock—?,ao——4k bo—r—kz,al—o
a=-2,b;=0by=-2k r,=0, 5= —ro,
51:—%7sgzo,wherek;«éo,a;zéOandrl;éO,
(28)
32 r2
/l:—4ock—ﬁ,ao——2k bo—z—lkz,alzo,
a=0,b =0 by=—-2k r, =0, 5= o,
5 =0, =0, wherek#0,a#0andr; #0, (29)
/l:8ak—3—r% aO:—bo—i a=0a=-2
2k2’ 20k?’ ’ ’
b =0, by= —2K, 1y =0, Sp = —ro, §1 = -1

F»
$ =0, wherek#0,a#0andry #0,
and

(30)

3
A = —4ak— 58], a = ~2k—bo— % a =0,

a2:_27 b].:O; b2:07 r1:07 r2:07&):_r07
$ =0, wherek#0, a #0ands; #0. (31)
Hence we got the following set of solutions for (2):

(i) Ask<O0:
U(x,t) = (a0 + bo) + 4ktanh? [ v=k(x— A1)]

V(X t) = ?\/g(ao +bp)

T 2v/2aktanh? [\/—k(x— /’Lt)} :
where A = o(8k+ 3ap + 3bp) and o # 0;
u(x,t) = (ag + bo) + 4ktanh? [\/—k(x— M)]

(32)

+ akeoth? [V =K(x— At)]
V(X t) = & (@(ao +by)
+ 2v/2aktanh? [\/j<(x— M)}
+ 2v/2akcoth? [x/—_k(x— At)} )

where A = o(8k+ 3ag + 3bg) and o # 0; (33)

u(x,t) = (ao + bo) +4kcoth? [v/—k(x— At)]

v(xt) = ﬂ/%(ao +by)

+2v/20kcoth? [\/j<(x— M)} 7

where A = a(8k+ 3ap + 3bg) and o # 0;
2

u(x,t) = (4k+ﬁ)+2ktanh2 [V=k(x—a1)]

+ 2kcoth? [\/—_k(x— )Lt)] :

(34)

v(xt) = ;—i_k (tanh [VK(x=a1)]
— coth {\/—_k(x— M)} ),

where A = —16ak—2—kz, a#0andry #0; (35)

2
U(x.t) = —(2k+ 54— + 2keoth? [V=k(x-21)],
v(x,t) = —\/r—l_ coth [v/=k(x—21)]
where A = —4ok— 21;' oa#0andry #0; (36)
u(xt) = _W + 2ktanh? {\/_k(x )Lt)]

+ 2kcoth? [v/=K(x— At)]

v(x,t) = —\/—_k <tanh [V=k(x=a0)]

+ coth [V =k(x— A1)| )
where 4 :8ak—%, oa#0andry #0; (37)
u(x,t) = —(2k+ - k1 ) + 2ktanh? [\/_k(x u))}
v(xt) = —\/jdanh [\/—_k(x— /’Lt)} :
where A = —4ak— % a#0ands #0. (38)
(i) Ask>0:
u(x,t) = (a0 + bo) — 4ktan® [Vk(x— At)],

v(x,t) = ¢\/g (a0 + bo) £ 2v2aktan? [vk(x— At)],

where A = a(8k+ 3ap + 3bg) and o # 0; (39)
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u(x,t) = (ao + bp) — 4ktan? [VK(x — At)]
— 4kcot? [Vk(x—At)],

v(xt) = 4:{ - \/g(aoero)

+2v2aktan? [Vk(x—At)] u

+ 2v2akeot? [VK(x— At) ] }

where A = o(8k+ 3ag + 3bg) and o # 0; (40)
u(x,t) = (ap + bo) — 4kcot? [Vk(x—At)],

v(x,t) = i\/g(ao +bo) F2v2akeot? [Vk(x— At)],

where A = o¢(8k+ 3ag + 3bg) and o # 0; (41)
2
u(x,t) = —(4k+ Zli—ga) — 2ktan? [VK(x— At)]
— 2kcot? [Vk(x—At)],
v(x,t) = r—\/ll_(<cot [VK(x—At)]

—tan[\/E(x—/'Lt)D,

where A :—16ak—%, a#0andry #0; (42)

u(x,t) = —(2k+ %) — 2keot? [Vk(x—At)],

vixt) = r_lk cot [\/E(X_ M)]’ rFig. 1(.) Félots of uand v, where oo = —0.005, k= —1, and
9 1 =0.5.

where 4 = —4ak— g% o7 0andry 70, “43) Solution (32) is a bell-type solitary wave solutions

r2 ) for u and v. Solutions (33—-37) are triangle-type peri-
u(xt) = — Ko 2ktan? [Vk(x—At)] odical solutions (Solution (37) is depicted in Figure 1).
_ 2 _ Solution (38) is a singular bell-type solitary wave so-
; 2keot [\/R(X M)]’ lution for u (i.e. that develops a singularity at a finite
v(x,t) = —1<cot [\/E(X—M)] point) and a Kink-type solitary wave solution for v,
vk which are depicted in Figure 2. Solutions (39-45) are
+tan [V (x— lt)]), of triangle-type.
2 .

where A = 8ak — % a#0andr; #0; (44) 4. Conclusion
_ s 2 We have obtained new travelling wave solutions for
u(xt) = —(2k+7,) — 2ktan [Vk(x-an)], the soliton breaking equation, the coupled KdV sys-
v(x,t) = vks; tan [\/E(x—lt)], tem. The obtained solutions include rational. periodi-
3 cal, singular and solitary wave solutions. Rational so-
where A = —4ak — ﬁ a#0ands, #0. (45) lutions may be helpful to explain certain physical phe-

2 nomena. Because a rational solution is a disjoint union



44 S .A. Elwakil et al. - Two New Applications of the Modified Extended Tanh-Function Method

Fig. 2. Plots of uand v, where o = —0.005,k = —1,and 5; = 0.5.

of manifolds, particle systems describing the motion
of a pole of rational solutions for a KdV equation were
analyzed in [5, 11-13]. Triangle-type periodical so-
lutions develop singularity at a finite point, i.e. for
any fixed t =ty there exist an xp at which these solu-
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